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Abstract 
Two-dimensional formulation of inhomogeneous unsteady-state heat conduction transfer problem is considered. Mathematical 
model of the process is a differential equation of the second order with initial and boundary conditions. Discrete-analytical method, 
which turns out the mathematical formulation of the initial problem to be normal system of differential equations, was used. There 
is the solution of such system, which is the set of analytic functions. The theory of matrix functions, particularly the properties of 
matrix exponent, was applied to get the solution. This approach allows us to solve the heat conduction problem with unstationary 
boundary conditions of different types, defined as time-dependent functions. Such type of boundary conditions describes the real 
physical processes in structural materials more accurately. 
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1. Introduction 
The main problem of the theory of heat transfer is to build a picture of heat distribution in thermally conductive 
medium in time. Analytical theory of heat conduction, based on Fourier conclusions considers thermally conductive 
substance as a continuous medium. It is applicable to macro-objects. According to Fourier theory, the temperature 
pattern is represented as isotherms, where the temperature transfer occurs at a normal to the isothermal surfaces. The 
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physical process of heat transfer described in this way can be represented by a differential dependence considered in 
this article using the concept of heat flow, which establishes the fact of temperature balance of the object at any point 
in time. Discrete analytical method was suggested to solve the problem based on this dependence. 
 
Nomenclature 
c specific heat capacity of environment  
ρ density 
λ thermal conductivity coefficient 
χ coefficient of thermal diffusivity 
α coefficient of heat transfer 
w ambient temperature 
F power of any possible heat sources 
2. Formulation of the problem 
Two-dimensional formulation of inhomogeneous unsteady-state heat conduction transfer problem is considered as 
mathematical model of the process. It can be described by a partial differential equation of the 2nd order: 
     , , , ,U U Ux y x y F x y t
t x x y y
F F§ ·w w w w w§ ·  ¨ ¸¨ ¸w w w w w© ¹ © ¹  (1) 
where χ=λ/cρ  – coefficient of thermal diffusivity, c – specific heat capacity of environment, ρ – density,    
λ – thermal conductivity coefficient, F – power of any possible heat sources.   
2.1. Approximation 
 For the unsteady heat conduction equation must be set the initial condition and boundary conditions of 1, 2 or 3 
kind. The first kind means that the distribution of the temperature is set on boundaries of the area as values of function 
g(t). The second kind determines the heat flux density (g(t)) at the boundaries of the area. The third kind corresponds 
to the case when the ambient temperature w is set as g(t) and a law of heat transfer between the surface of the body 
and the environment is set as the Newton-Richman’s law.  
3. Discrete-analytical method 
3.1. General description 
Let us consider the object that can be presented as two-dimensional area. In this case, heat conduction transfer 
equation must be solved in space-time continuum with 3 dimensions – x, y, t. The main idea of this method is to 
combine discrete and analytical methods, which are applied for different dimensions. In this case, we will seek a 
numerical solution along spatial dimensions and we will look for the exact analytical solution along time dimension.  
The right part of the original equation of heat balance is a Laplace operator acting along spatial dimensions (x, y). 
We divide the spatial area by the grid and approximate a Laplace operator on its nodes using one of the numerical 
methods such as finite difference method. We leave time derivative in analytic form on the left side of the equation. 
Then original partial differential equation of the 2nd order turns into system of differential equations of 1st order 
defined for the set of nodes of grid. Such system of differential equation can be solved by completely analytic method. 
Finally, we will determine a set of analytic functions of time, defined in all nodes of grid. 
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3.2. Approximation 
We divide the original area into the cells by grid of nodes. Let us consider the case where dividing the object area 
by non-orthogonal ("crumpled") mesh is more correctly. This mesh should be topologically equivalent to an 
orthogonal mesh (Fig. 1). Such mesh has quadrangular cells with non-parallel sides in general case.  
 
 
Fig. 1 “Crumpled” mesh topologically equivalent to an orthogonal mesh. 
3.3. Change of variables  
Differentiation along x or y using the finite-difference method directly is no longer possible in this area with a 
"crumpled" quadrangular cells. Applying the local coordinate system for each cell instead of the global coordinate 
system is more suitable in this case. Then, when "straightening" the grid, the general form of equations remains the 
same and only the values of the matrix of coefficients for the unknowns will change.  
Consider a cell with 4 nodes in the global coordinate system (x1, x2) and its representation in local coordinate 
system (t1, t2), Fig. 2. 
 
 
Fig. 2 Change of variables. 
We can determine coordinates (x1, x2) of representation of any point with coordinates (t1, t2) using function of 
recreation by corner nodes formula: 
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x x x t x t x t t
where x x x x x x x x x x x
      
       
 (2) 
Now we can determine 4 values of Jacobi matrix β for any point from (t1, t2) system by differentiating last formula 
with respect to t1or to t2: 
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Then we can find Jacobian J and transition matrix α for any point from (t1, t2) system: 
1 112
1 2 1











J J x x
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 (4) 
Let us consider unknown function. We also can write a function of recreation by corner nodes formula for it: 
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u u u t u t u t t
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       
 (5) 
In accordance with complex derivative rule, expressions for partial derivative with respect to x1 or x2 will be: 
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w ww w w       w w w w w  (6) 
We carry out these calculations for the 4 elements adjacent to one node. Then, to find the formula for the second 
derivative we should write the difference of half-sums of the first derivatives along relevant dimensions with their 
own coefficients α and χ. 
Finally, right part of initial equation can be represent as vector: 
   AU t F t  (7) 
where А – matrix of coefficients for the unknowns,  U –  unknown temperature functions vector,  
F –  possible heat sources powers vector. 
4. Normal system of differential equations 
Let us return to the original differential equation (1), replacing its right-hand side with approximating vector, 
founded in the previous step. As a result, it will be a normal system of differential equations. 
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0 Ψ
U t
AU t F t
t
U
­w  ° w®°  ¯  (8) 
For the problem (9), we will look for an analytic solution. This is the Cauchy problem for a normal system of 
differential equations. The solution of such problem according to the theory of ordinary differential equations is a 
vector: 
     
0
Ψ ;    Ψ (0)   
t
A tAtU t e e F d where U initial condition vectorW W W   ³ . (9) 
4.1 The origin of the solution 
The solution (10) was obtained from the corresponding solution of the integral equation of Volterra of 2nd order: 
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Alternatively, for the case of constant coefficients it can be found by multiplying the integrating multiplier: 
  ^ ` 1, ,,       0 Ψ,   ,    1, ,ij i nX AX F X A A j n }     }  (11) 
 
If      * *,   where X t A X t F t A A    , then multiply both sides to  
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Noticing that the left term of the equation (13) is a derivative of multiplication, we can write it as: 
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4.2 Matrix functions 
Consider A=(aij) – square matrix of n-th order and f(l) – scalar variable function. Consider function, f(A) as 
function f(l)   built for the matrix values. In the theory of power series, scalar function can be represented as such 
series. It seems appropriate to define a function of matrix f(A) using a power series. For the convergence of such 
series, the partial sums should have a limit: 
           0 0 0
0 0 0
;  ;    lim  k k kk k kp
k k k
f f A A E A E f AO D O O D O D Of f fof         ¦ ¦ ¦  (14) 
Theorem. If the function f (λ) can be expanded in a power series (15) in the circle |λ – λ0| < r  in the complex plane, 
then this expansion is applicable for any matrix A, which eigenvalues lie inside the circle of convergence, i.e. |λi – λ0| 
< r. 
As a consequence of this theorem and known expansions we can write formulas: 
         
 2 1 2
0 0 0 0
       sin 1       cos 1       Ln 1
! 2 1 ! 2 !
kk k k
k k kA
k k k k
A EA A Ae A A A
k k k k
f f f f
    
      ¦ ¦ ¦ ¦  (15) 
To determine a solution to the problem we will use one of these expansions, particularly the matrix exponential. 
4.3 Matrix exponential 










    } ¦
 (16) 
where А – matrix n nu , Е - the identity matrix n nu . In this way, Ae  – also matrix n nu . Thus, the matrix 
exponential can be found for all square matrices, whatever the matrix A may be, the series will converge.  
If matrix A is symmetric, it is possible to present it as Jordan decomposition. 
1A TST   (17) 
In this case, main diagonal of the diagonal matrix S consists of the eigenvalues of the matrix A: 
 1 1 2, , ,  nS T AT diag O O O  }  (18) 
Since the matrix S is diagonal  1 2, , , kS diag O O O } , then any of its degree is also a diagonal matrix  k 1 2, , ,k k knS diag O O O } . And then the exponential of such matrix is also a diagonal matrix: 
1 21 2
0 0 0 0







k k k k
Se diag diag e e e
k k k k
OO OOO Of f f f
    
   ¦ ¦ ¦ ¦  (19) 
Using the property: 
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1 2 1 1 2 1 1 1 1 1;   ; ,     m m mA TST A TST TST TS T A TS T TST TS T          }    (20) 
We can finally determine: 
1 21
1 2
where matrix of eigen vectos of А
,    ( ,     
, , , eigenvalues of 
,... ) А, ,
ntt tAt S S
n
T
e Te T e diag e e eOO O O O O
   }   (21). 
5. Discrete-analytical solution of the problem 
Thus, the final solution of the problem is analytical on time: 




A tAtU t e e F dW W W  ³
 (22) 
The result vector function (23) is a set of individual analytic functions, defined at each node of a discrete grid. In 
this case, the pattern of heat distribution can be determined for any point in time that does not depend on the parameters 
of a discrete grid. 
The solution (23) allows us to solve the problems where the boundary conditions and heat capacity changes in time, 
i.e. are given as analytic functions of t. This takes into account the influence of continuous changes of these factors 
on the already started process of heat distribution.   
6. Example of solving the problem 
Consider external wall of the building 380mm thick that consist of 3 layers: concrete/polystyrene/ concrete (Fig. 
3). On the interior boundary we set 25 degree (3rd kind). On the external boundary we set a periodic function defined 
exactly as a function of time f(t)=7*sin(0.00008*(t-20000))+3 (also 3rd kind). It simulates a periodic variation of the 
temperature of -5 to +10 degrees and back for a period of 24 hours. Other boundaries are insulated (2nd kind). Initial 
condition is 0 degree.  
 
 
Fig. 3 Program interface and initial data of the problem. 
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The results, obtained for some time points t (s) show the change in time pattern of heat distribution in the object at 
the continuously changing boundary conditions 
. 
 
Fig. 4 Temperature patterns for time points from 10 to 56 hours.  
 
Fig. 5 Legend of temperatures.  
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